Abstract. For X a smooth cubic threefold we study the Plücker embedding of the Fano surface of lines S of X. We prove that if X is general then the minimal gonality of a covering family of curves of S is four and that this happens for a unique family of curves. The analysis also shows that there is a unique pentagonal connecting family of curves, which leads to the fact that the connecting gonality of S is five whereas the degree of irrationality, i.e. the minimal degree of a rational map from S to P 2 , is six.
Introduction
Establishing whether a given smooth projective variety is rational, namely birational to projective space, is a classical and hard problem. Advances in resolution of singularities and cohomological techniques have led to spectacular advances in such questions over the past fifty years, but as we lack a numerical criterion for rationality in higher dimensions, results are obtained very much on a case by case basis. On the other hand recent developments in the decomposition of the diagonal [Voi14] , have led to further clarity on the behaviour of rationality in families of smooth varieties [HPT16] . Given though that rational varieties are only a small part of the overall geography of varieties, it is natural to attach invariants to any projective variety which measure how far it is either from being rational or at least covered by rational curves. It turns out there are some very natural candidates for such invariants and their behaviour follows the same patterns as rationality, uniruledness and rational connectedness respectively. We begin by recalling the definitions of these invariants, the ideas going back to [LP95] , [Yos94] (see [BDPELU17] for further references).
We work over the complex numbers C throughout the paper. Let C be a (possibly singular) integral curve. We define the gonality gon(C) to be the least integer d so that there exists a degree d morphism from the normalisation of C to P 1 . In this paper we are concerned with the following invariants. Definition 1.1. The covering gonality cov. gon(S) of an irreducible projective variety S is the least integer d such that through a general point of S there passes an integral d-gonal curve. Similarly, the minimal d so that through two general points of S there passes an integral d-gonal curve is called the connecting gonality conn. gon(S).
We point out that cov. gon(S) = 1 (resp. conn. gon(S) = 1) if and only if S is uniruled (resp. rationally connected). In other words, these two invariants measure how far a variety is from being uniruled or rationally connected. Analogously, the following invariant measures how far a variety is from being rational.
In Section 2 we study the behaviour of the above invariants in families, in particular proving that cov. gon does not increase under specialisation (a property also satisfied by gonality in a family of curves) and that it is lower semicontinuous. We note that these results extend the corresponding results on uniruled varieties of [Kol96, IV 1.8.2]. The techniques used are similar in nature to loc. cit. and draw from the theory of relative Hilbert schemes, relative Kontsevich moduli spaces and admissible covers. We note that the behaviours of connecting gonality and degree of irrationality in families are more subtle. For example irr is not lower semicontinuous, since as seen in [HPT16] there exists a smooth family of varieties where the very general fibre is not rational (in particular irr > 1) yet countably infinitely many fibres are rational (cf. [dFF13] ). On the other hand it has been proven recently [NS17] , [KT17] that a (mildly singular) specialisation of smooth rational varieties must be rational. It would be interesting to know whether these results imply that irr can only drop under specialisation in a smooth family. See Remark 2.3 for some observations on the behaviour of conn. gon.
A flurry of recent work computes and bounds these invariants for various types of varieties, for example hypersurfaces [BDPELU17] , [BCFS17] and symmetric products of curves [Bas12] (see other references therein). The aim of this paper is to study these invariants for the Fano scheme of lines of a cubic hypersurface. Applications of this analysis are twofold. Firstly, we can compute explicitly the above invariants in many new interesting cases by exploiting Grassmannian geometry. Secondly, by obtaining for example the covering gonality of the Fano scheme of lines one deduces information about the various surfaces in the hypersurface itself which are ruled by lines.
We begin with some background on Fano schemes of lines in the first case of interest, namely for cubic hypersurfaces. Let n 3 and X ⊂ P n+1 C a smooth cubic hypersurface and F (X) ⊂ G(2, n + 2) the Fano scheme parametrising lines contained in X. From [AK77, 1.3, 1.12, 1.16] we know that dim F (X) = 2(n − 2) and F (X) is a smooth irreducible variety. In [AK77, 1.8] it is proven that the canonical line bundle K F (X) is isomorphic to O F (X) (4 − n) where O F (X) (1) is the very ample line bundle coming from the Plücker embedding F (X) ⊂ G(2, n + 2). In particular, if n 5 then F (X) is Fano and hence rationally connected. This implies cov. gon(F (X)) = conn. gon(F (X)) = 1.
If n = 4 then from [BD85] the Fano scheme of lines F (X) is a smooth hyperkähler fourfold and as Voisin points out in her notes [Voi03, Example 2.18], we know that X admits a two dimensional family of hyperplane sections, every member of which is a cubic threefold with exactly three isolated nodes. The Fano surface of each of these nodal threefolds sits inside F (X). We know though that such a Fano surface is irreducible and is dominated by the symmetric product of a (2, 3) curve in P 3 with two nodes, sitting inside a quadric cone. In particular these surfaces are dominated by the self-product of a smooth genus two (hence hyperelliptic) curve, and so have covering gonality two. Since these Fano surfaces move in a two dimensional family, they cover F (X), which hence also has covering gonality two as it is not uniruled.
In this paper we begin by studying the remaining case of the covering gonality of Fano schemes of lines of cubic hypersurfaces. Theorem 1.4. Let X be a general cubic threefold and S its Fano surface. Then cov. gon(S) = 4.
For any smooth cubic threefold, we have 3 cov. gon(S) 4.
Since K S is very ample it is not hard to see also that for any smooth cubic threefold, the covering gonality of S is always at least three (see Lemma 4.3), so the point of the theorem is to show that four is achieved for any smooth cubic threefold X and that three does not happen for the general one. Next, we prove that covering gonality four is in fact achieved by an (essentially) unique explicit family of curves and the same for connecting gonality five, which we now describe. Given a line ℓ ⊂ X, one defines the incidence divisor D ℓ ⊂ S parametrising lines meeting ℓ. We recall from [CG72, Definition 6.6] (see also Section 3) that a line ℓ is either of first or of second type. The locus of lines of second type for a general X is a smooth irreducible curve in S. In the following and the remainder of the paper, the word unique is meant to signify that the family is considered up to closed proper subset of the base. Proposition 1.5. For X a general cubic threefold and S its Fano surface, the family of incidence divisors D ℓ of lines ℓ of second type is the unique tetragonal covering family of curves. Similarly, the family of incidence divisors of lines of first type is the unique pentagonal connecting family of curves.
As a consequence we can compute the gonality of incidence divisors. Corollary 1.6. Let X be a general cubic threefold and S its Fano surface. If ℓ is a general line of first type in X then the incidence divisor D ℓ ⊂ S is a smooth curve of gonality five. If ℓ is general of second type then D ℓ is smooth of gonality four.
Another application of the analysis involved in Proposition 1.5 concerns irr(S) and conn. gon(S) for X general. Theorem 1.7. Let X be a general cubic threefold and S its Fano surface. Then conn. gon(S) = 5 and irr(S) = 6.
For any smooth cubic threefold we have 3 conn. gon(S) irr(S) 6.
We do not know any examples of smooth cubic threefolds where cov. gon(S) = 3, irr(S) < 6 or conn. gon(S) < 5 occurs.
The paper is organised as follows. In section two we prove an invariance property of covering gonality in families. In the third section we recall definitions and basic properties of the Fano surface of a cubic threefold and extend various classical statements to cases we will need in later sections. In the fourth section we set up different notions of separation of points by hyperplanes, which will ultimately lead to ruling out low gonality covering families of curves in later sections. The fifth section is concerned with technical propositions listing configurations of three, four and five lines respectively which cannot be separated by 2-planes in P 4 . This is independent of previous sections but lies at the heart of the proof of the main theorems. The penultimate section contains a description of the Klein cubic (which we will be degenerating to in the main proof) and a resolution of its Hessian hypersurface whereas the final section contains the proofs of the main theorems.
The strategy of the proof of the above theorems is to use sections of the canonical bundle K S to separate points on S in the Plücker embedding. When such separation is possible, one obtains conclusions on the gonality of the general member of a covering family of curves. We then use a blend of Grassmannian geometry and technical facts about the Fano scheme of lines of a cubic threefold to rule out configurations of points on S which cannot be separated by sections of K S .
We emphasise that in Theorem 1.7 the computation of the connecting gonality follows from knowing that there is a unique explicit covering family of curves, and likewise that the computation of the degree of irrationality follows from this and also the fact there is a unique explicit connecting family of curves. An outcome of this study, in other words, is that the detailed analysis of the families calculating each invariant helps compute the next one.
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Some basic properties of covering gonality
In a family of curves it is clear that the gonality of the fibres is not necessarily constant, for example a family of trigonal curves degenerating to a smooth hyperelliptic curve, or a family of elliptic curves degenerating to a singular rational one. From semicontinuity it follows that gonality can only drop under specialisation, since the number of sections of a line bundle can only increase. We will see that the same is true for covering gonality. On the other hand, see the introduction for some remarks about the behaviour of degree of irrationality in families.
The following is a standard application of general theory of Hilbert schemes and loci of k-gonal curves in families. It is also mentioned with omitted proof in [BDPELU17, Section 1].
Lemma 2.1. Let S be an irreducible projective variety. Then S has covering gonality (resp. connecting gonality) d if and only if d is the minimal positive integer so that there exists a covering family (resp. connecting family) C → T of d-gonal curves.
Proof. One direction is clear. For the other, we prove the case of covering gonality as that of connecting gonality is analogous. Assume cov. gon(S) = d and let H be the Hilbert scheme of all one dimensional subschemes of S (note this is not of finite type). Since S is over an uncountable algebraically closed field and the Hilbert scheme has countably many irreducible components, there has to be one irreducible component whose universal family contains enough d-gonal integral curves to dominate S. Call this irreducible component T and consider the universal family over the function field of this component. By resolving singularities we can assume there is a quasi-projective variety T ′ (mapping finitely to an open inside T ) and a family of smooth connected curves which are the normalisations of the corresponding dimension one schemes of the universal family over T . Now, in such a family it is known that the locus of curves admitting a g 1 d is possibly not connected, but is at least a variety, since it is the image of the pullback of the space G 1 d from M g (see [ACGH85] ). Hence the locus of curves admitting a g 1 d has finitely many irreducible components. Since the general point of S has a d-gonal curve passing through it, one of these components has to be large enough so that the universal family over it dominates S.
From the above lemma we will interchangeably use the original definition of covering gonality, or that of the minimal integer d so that there exists a covering family of d-gonal curves. It is often useful to reduce the above constructed family to one where C, T are both smooth and C → S is generically finite (see [BDPELU17, 1.5] ). Even though we will not strictly need it for this paper (we will instead degenerate other notions than covering gonality), the following is related to the previous lemma and we include its proof for posterity.
Proposition 2.2. Let f : S → U a flat family of irreducible projective varieties over a pointed irreducible one dimensional variety (U, 0), and assume that for u = 0 the fibre of f has covering gonality d. Then the special fibre S 0 := f −1 (0) has covering gonality at most d. Moreover, covering gonality is lower semicontinuous.
Proof. The argument is similar to the previous lemma and essentially reduces to families of curves. Let S 0 := S \ f −1 (0), U 0 := U \ {0} and f 0 : S 0 → U 0 . Consider the relative Hilbert scheme H := Hilb 1 (S 0 /U 0 ) → U 0 parametrising one dimensional subschemes inside fibres of f 0 and the subset G ⊂ H of integral curves which are d-gonal. Since this last space has countably many irreducible components and a fibre of f 0 has covering gonality d, we can single out as in the previous lemma one component whose universal family dominates every fibre of f 0 , and after shrinking and blowing up as before we obtain a family W → U 0 of subvarieties of the relative Hilbert scheme H , such that the universal family over it is a family of curves C → W having the following property: for any u ∈ U 0 the family C u → W u is a smooth family of d-gonal curves covering S u . In particular, by passing to the corresponding irreducible component of the compactified relative Kontsevich moduli space M g (S /U ) (see [AK03, 50] for the relative version of the theorems of [FP97] ) we complete to a family of stable morphisms C → W over U . There is an induced morphism F : C → S so that F :
0 , which we now want to prove for u = 0 also. Since π is proper and fibre dimension is upper semicontinuous we obtain also that dim Z 0 = dim S 0 , namely that the family of curves C 0 → W 0 is a covering family of curves of S 0 (cf. [Kol96, Proof of IV.1.8.1]). It could though possibly be that the special fibre over 0 ∈ U , namely C 0 → W 0 , consists generically of reducible nodal curves. We will show that the resolution of each irreducible component of the general fibre of C 0 → W 0 has a g
By mapping the base of this family via the stabilisation map to M g , the image is in the closure of the d-gonal locus, namely the image of the compactified Hurwitz space H d,g → M g of admissible covers (see [HM98, ). Therefore the stable model of every member of the central fibre over U is also the stable model of such an admissible cover. By the definition of admissible covers, every irreducible component of every member of C 0 → W 0 has a g 1 k for k d as required.
Remark 2.3. We note that the above statement is not true for connecting gonality since we are assuming the connecting curves are integral. In the above it could be that the induced family C 0 → W 0 consists of reducible curves and the special fibre S 0 has higher connecting gonality, something which has no effect on the covering gonality, but may affect connecting gonality since if a curve in the central fibre decomposes as C = A + B, then it could be that (p, q) ∈ C × C but p ∈ A, q ∈ B. An example is a family of smooth cubic surfaces (which are rationally connected) degenerating to a cone over a plane elliptic curve (which is only rationally chain connected). We do not though have an example of a smooth family S → U for which this happens. It is in fact not even clear whether the above proof or some other argument could give that the central fibre has chain connecting gonality less than or equal to d, meaning two general points in the central fibre are joined by a chain of curves, each of which has gonality less than or equal to d. Nevertheless from [Kol96, IV 3.5.3, 3.11] the above all hold for the case d = 1, namely rational connectedness.
Preliminaries on the Fano surface of a cubic threefold
For what follows, the standard references are [CG72] , [AK77] , [Mur72] , [Tju71] , [BSD67] . For X ⊂ P 4 a smooth projective cubic threefold we know that the Fano surface S = F (X) is a general type surface of degree 45 in P 9 ∼ = P 2 C 5 . Moreover the Plücker embedding is a canonical embedding of S, so that the canonical linear system |K S | is cut out by hyperplanes (see [CG72, 10 .13]). There are two types of lines in X depending on the image of the polar mapping (or equivalently on the decomposition of their normal bundle). In particular, we say that a line ℓ ⊂ X is of second type if there exists a 2-plane in P 4 which is tangent to X along ℓ; otherwise ℓ ⊂ X is said to be of first type. We recall further that given a line ℓ ⊂ X, the incidence divisor D ℓ ⊂ S is the curve parametrising lines in X that meet ℓ. For a fixed general line ℓ (in particular one that is not the residual in the intersection with the tangent 2-plane of a second type line), after blowing up X along ℓ we obtain a conic bundle structure over the P 2 parametrising planes containing ℓ. In this P 2 sits the smooth discriminant quintic curve of genus six parametrising planes through ℓ where the residual conic curve, in the intersection of the plane with X, is the union of two lines. The incidence divisor D ℓ is a naturaĺ etale two to one cover (of the quintic), parametrising each of the two residual lines (the construction is generalised to all lines ℓ ⊂ X in [Bea77, 1.2], but the quintic is singular if ℓ is not general as above). One computes (see [BSD67, p9] ) that for any ℓ the divisor D ℓ satisfies D 2 ℓ = 5 and hence is not a multiple of another divisor in the Néron-Severi group. Also one can prove that H 0 (S, D ℓ ) = 1 for all ℓ (see [Tju71, 1.8]) and that K S is linearly equivalent to D ℓ1 + D ℓ2 + D ℓ3 for ℓ 1 , ℓ 2 , ℓ 3 the intersection of X with a 2-plane, see [CG72, 10.9 ]. On the other hand, if X is a general cubic threefold, then the Picard number of S is one and its Néron-Severi group is generated by D ℓ for any line ℓ (see e.g. [Rou11, 11] ). Note however that for ℓ, ℓ ′ two distinct lines, the incidence divisors D ℓ , D ℓ ′ although algebraically equivalent (since they lie in a family parametrised by S), differ by an element of Pic 0 (S) which is five dimensional and isomorphic to the intermediate Jacobian of
The locus D 0 ⊂ S parametrising lines of second type is linearly equivalent to the very ample 2K S [CG72, 10.21], and if X is general it is also smooth [Mur72, 1.9], which implies that at least in the case where X is general (namely the case where the Picard number ρ = 1), D 0 is a smooth irreducible curve. Interesting further analysis of the types of singularities of the discriminant curve and its corresponding quintic, in the case where ℓ is of second type, appears in [BSD67, p6] . Additionally, these and many further results are generalised to arbitrary characteristic in [Mur72] .
The first part of the following lemma is standard whereas we could not find a proof of the second in the literature. Both will be key in later sections of this paper so we include proofs. In what follows, for a hypersurface X ⊂ P N , we define the Hessian H ⊂ P N as the vanishing locus of the determinant of the matrix of second derivatives of the equation defining X. See [Dol12] for basic properties of Hessians of hypersurfaces. We also recall that an Eckardt point is a x ∈ X such that there are infinitely many lines through x contained in X. From [CG72, 8] , [Rou09a] there are only finitely many Eckardt points (up to 30), whereas the general cubic threefold has none.
Lemma 3.1. Let X be a smooth cubic 3-fold. Then
(1) If x ∈ X is not an Eckardt point, then through x there pass six lines contained in X, counted with appropriate multiplicities. Moreover if x ∈ X is general (cf. For the first claim, the lines through x are parametrized by their intersection point [0, a 1 , a 2 , a 3 , a 4 ] with the hyperplane x 0 = 0. Such a line is given by parametric equations:
, a 2 , a 3 , a 4 ) vanishes identically in s and t. This is equivalent to
Therefore the lines through x which are in X correspond to the points [a 1 , a 2 , a 3 ] ∈ P 2 which satisfy Q(a 1 , a 2 , a 3 , 0) = 0 and C(a 1 , a 2 , a 3 , 0) = 0. These are the intersection points of a conic and cubic in the plane. If these have a common component, we have infinitely many lines through x and thus x is an Eckardt point. Otherwise there are six intersection points (counted with multiplicities) and we therefore have six lines through x counted appropriately.
To prove the second claim, by [CG72, 5.9 ] the point x is not in the Hessian hypersurface if and only if the tangent hyperplane section V x := T x X ∩ X has an ordinary double point at x. Continuing with the assumptions of the first part, V x is a surface in
. That x is an ordinary double point is equivalent to (see [CG72, 5.6 
Observe now that for 1 i, j 3 we have
∂xi∂xj (note that since Q is homogeneous of degree two this is a constant). Therefore the above condition is equivalent to
which is equivalent to V(Q(x 1 , x 2 , x 3 , 0)) being a smooth conic in P 2 . As we saw in the first part, the six lines through x correspond to the six intersection points, counted with multiplicities, of the plane conic V(Q(x 1 , x 2 , x 3 , 0)) with the plane cubic V(C(x 1 , x 2 , x 3 , 0)) (we know that they do not have a common component because x is not an Eckardt point). The condition that V(Q(x 1 , x 2 , x 3 , 0)) is smooth is then equivalent to saying that no three of these intersection points lie on a line, otherwise the conic contains the line and hence is singular. Conversely if the conic is singular then it is the union of two lines and therefore the six intersection points form two triples of coplanar points.
One can even say in which cases the above six lines through a point are distinct. Lemma 3.3. Let X a smooth cubic threefold.
(1) If ℓ is a general line of second type, the incidence divisor D ℓ ⊂ S is a smooth curve of genus 11 that admits a g Proof. For the second type lines, from the second part of Fact 3.2 we know that from the general point of ℓ there pass four other lines other than ℓ. We define a map D ℓ ℓ taking the generic point ℓ s ∈ D ℓ to the unique point of intersection with ℓ. This extends to a morphism, giving a g For the first type lines, again the map D ℓ ℓ sending the generic point ℓ s ∈ D ℓ to the point of intersection of ℓ s with ℓ extends to a morphism, and from Fact 3.2 gives a g 1 5 on D ℓ . In both the above cases smoothness (but possible disconnectedness) follows from the fact that the corresponding plane quintic curve is smooth (see [Bea77, 1.2]). For irreducibility, from [Mur72, 1.25(iv)] it follows that if ℓ is in the open subset of lines of first type which are not residual to a line of second type and contained in a smooth hyperplane section of X, then D ℓ is irreducible. On the other hand, as mentioned above if X is general the Picard number is one and the Néron-Severi group is generated by D ℓ for any ℓ, so in particular D ℓ is irreducible.
Remark 3.4. We will show in Corollary 1.6 that for the general X, the curves D ℓ (for ℓ of first type as above) are in fact of gonality five. Recalling that D ℓ is ań etale two to one cover of a plane quintic, we point out that a general such cover has instead gonality six [CLMTiB17, p48] . Similarly the gonality of the incidence divisor of a general second type line will be four.
We now note that some sections of K S come from 2-planes in P 4 . The construction is as in the following.
Note that H 0 (S, K S ) is ten dimensional, whereas there is only a six dimensional family of 2-planes in P 4 , so the correspondence is not bijective. Nevertheless, in later sections we will use such sections to separate points on S using hyperplanes in the Plücker embedding.
We now list some further facts which we will use in later sections. is an embedding and hence we obtain that every morphism P 1 → S is constant.
Fact 3.7. ([Rou09a, 4, 11]) The cone of lines through an Eckardt point is parametrised by an elliptic curve E ⊂ S, and conversely every E gives rise to an Eckardt point. Hence there are at most finitely many elliptic curves in S, and for general X there are none.
Lemma 3.8. Let X be a smooth cubic threefold and S its Fano surface. Any nonconstant morphism E → S from a smooth elliptic curve has image a smooth elliptic curve.
Proof. From Fact 3.6 we have that S is embedded in its Albanese Alb(S), so in particular we get an induced morphism E → Alb(S). This is necessarily a homomorphism of abelian varieties up to translation and so its image is a one dimensional abelian subvariety of Alb(S), hence smooth.
Covering families and birational very ampleness
In [BDPELU17] the following condition BVA p is introduced and its connection to covering gonality is studied.
Definition 4.1. Let S be an irreducible projective variety. A line bundle L on S satisfies condition BVA p for p 0 if there exists a closed subset Z ⊂ S depending on L such that for every 0-dimensional subscheme ξ of length p + 1 with support disjoint from Z, the following restriction map is surjective
This definition says that outside a closed subvariety Z, sections of L can "separate any p + 1 points" meaning that for any subset of p points in a set of p + 1 points on S not contained in Z, there is a section of L vanishing at all points of the subset, but not at the extra point. The relation to covering gonality is given by the following. We will now study the condition BVA p for the Fano scheme of lines on a smooth cubic threefold, showing that this condition is much too strong; cf. Proposition 4.5.
Lemma 4.3. Let X be a smooth cubic threefold and S := F (X) its Fano surface of lines. Then K S satisfies BVA 1 and so cov. gon(S) 3.
Proof. Since K S is very ample it is certainly BVA 1 . The claim about the covering gonality now follows from Proposition 4.2.
Remark 4.4. To obtain the above claim about the covering gonality in a different way but only for the general cubic threefold, one can degenerate to a 1-nodal cubic X 0 whose F (X 0 ) is a non-normal surface with desingularisation Sym 2 C for C a smooth trigonal genus four curve, hence by [Bas12, 1.6] and Proposition 2.2 we get a lower bound of three again.
Proposition 4.5. Let X be a smooth cubic threefold and S := F (X) its Fano surface of lines. Then through a general point in S (in fact one corresponding to a line not contained in the Hessian hypersurface) there pass five lines contained in G(2, 5) ⊂ P 9 which are trisecant to S. In particular K S does not satisfy BVA 2 .
Proof. From Lemma 3.1 we know that at the points of X lying on the intersection with the Hessian hypersurface, there pass two tuples of three coplanar lines. Since the Hessian has degree five in P 4 , we see that a general line ℓ in X meets the Hessian in five points and through each of these points there will be two residual lines coplanar to ℓ. This means that the induced line in the Grassmannian (corresponding to lines in this plane through the point) will be trisecant to the Fano surface S. To summarise, the general point in S admits five lines through it which are trisecant to S in P 9 , so that no canonical divisor on S passes through exactly two of the intersection points between S and one of those lines.
Even though BVA 2 does not hold, there are more refined properties of sections of the canonical divisor which will however apply to our situation. The following is a direct consequence of [Bas12, 4.2, 4.7], the ideas going back further e.g. to [LP95] . Remark 4.7. The above proposition implies that if S is a smooth projective canonically polarised variety and f : C/T → S a covering family of d-gonal curves, then the image of the general fibre of the g 1 d of the general member C t of this family consists of d distinct points on S lying on a (d − 2)-plane under the canonical embedding. This can be proved more directly using geometric Riemann-Roch like in the proof of [BDPELU17, 1.10]. Note however that the property that a number of points span a plane of smaller dimension than expected is strictly weaker than the above Cayley-Bacharach property for those points: consider for example four points in P 3 , three of which are collinear -they span a 2-plane but do not satisfy the Cayley-Bacharach property with respect to hyperplanes.
In the particular cases we will be interested in, the geometry of the varieties under consideration imposes conditions on the above configurations of d points.
Lines in special position in P 4
The following is an auxiliary section containing a technical result on configurations of lines in P 4 . Let G(2, 5) denote the Grassmannian of lines in P 4 . For a fixed Λ ∼ = P 2 ⊂ P 4 we have an induced divisor σ 1 (Λ) ⊂ G(2, 5) called the first Schubert cycle, whose points correspond to lines meeting Λ and whose linear equivalence class is that of the very ample divisor inducing the Plücker embedding. Note that as mentioned after Lemma 3.5, the Plücker ample has ten sections, whereas there is only a six dimensional family of sections of type σ 1 . lines ℓ 1 , . . . , ℓ 4 span a 3-plane, ℓ 1 , ℓ 2 meet at a point P , ℓ 3 , ℓ 4 meet at a point P ′ = P and the induced 2-planes ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 meet along the line P P ′ . (e) The lines ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 span a 3-plane, all meet at a point and no three lie in a 2-plane.
Proof. For the first part of three distinct lines, the condition that they are in special position in P 4 is equivalent to the points [ℓ i ] ∈ G(2, 5) all lying on a line L ⊂ P 9 . Since G(2, 5) is cut out by quadrics, L has to be contained in the Grassmannian by Bézout, which is equivalent to the condition of the proposition.
For the second part, note first that it is easy to check that configurations (a)-(e) all correspond to lines which are in special position. Conversely, assume that ℓ 1 , . . . , ℓ 4 are in special position. By Theorem [Bas12, 3.3] four lines in P 4 that are in special position must necessarily be contained in a 3-plane H and moreover they must be in special position there with respect to lines, since then any line ℓ meeting three of the four lines has to meet all of them, otherwise the span of ℓ and a point outside H would be a 2-plane contradicting the special position of the four lines.
Assume first that they span a 2-plane. If no three of them are concurrent then we are in configuration (b). If instead three of the lines, say ℓ 1 , ℓ 2 , ℓ 3 meet at a point P , then a general line in H containing P must intersect ℓ 4 necessarily at P , so we are in configuration (a).
Assume next that the lines span the 3-plane H. If they are skew then [Bas12, 3.6] gives that we are in configuration (c). Assume henceforth that two of the lines, say ℓ 1 , ℓ 2 , meet at a point P . Then any line meeting ℓ 3 and passing through P must intersect ℓ 4 . If ℓ 3 passes through P then ℓ 4 must also pass through P . Moreover no three of them can lie on a 2-plane Λ because a line on Λ not passing through P intersects the three lines on the plane but not the fourth. This implies we are in configuration (e). If on the other hand ℓ 3 does not pass through P then ℓ 4 has to be contained in the plane spanned by P and ℓ 3 . Moreover the point of intersection of ℓ 3 with ℓ 4 must lie on the intersection line ℓ 5 of the planes spanned by ℓ 1 , ℓ 2 and ℓ 3 , ℓ 4 respectively; otherwise, if we took a line not equal to ℓ 5 in the first of those planes passing through the intersection of ℓ 3 with ℓ 5 , then this would intersect ℓ 1 , ℓ 2 , ℓ 3 but not ℓ 4 . This implies we are in configuration (d).
Making a complete list of all possible configurations of five lines in special position in P 4 is cumbersome, so we will soon restrict ourselves to a more particular situation, which will be precisely what is required in the case of the Fano scheme of lines of a cubic threefold. First, the following gives a structure for the most general configuration of five lines in special position.
Proposition 5.3. Suppose ℓ 1 , . . . , ℓ 5 are five lines in P 4 in special position with respect to 2-planes. Assume that any pair of lines spans a 3-plane and any triple of lines spans the whole space. Then there is a unique common secant line to the above five lines.
Proof. By the lemma which follows, the lines ℓ 1 , . . . , ℓ 4 lie on the ruling of a smooth rational normal cubic scroll S 1,2 ⊂ P 4 . Hence any line meeting ℓ 1 , . . . , ℓ 4 is contained in S 1,2 and does not belong to the ruling. By [Har92, 8.20 ] such a line is unique and coincides with the directrix of the scroll and it must intersect also ℓ 5 since the lines are in special position.
Lemma 5.4. Under the assumptions of the proposition, any four of the above lines are lines of the ruling of a smooth rational normal cubic scroll in P 4 and the fifth line intersects the directrix of the scroll.
Proof. Recall from [Har92, ] that in P 4 we have, up to projective equivalence, two types of rational normal scrolls: the smooth cubic scroll S 1,2 and the singular cone S 0,3 , which by [GH94, p525] are the only irreducible non-degenerate surfaces of degree three in P 4 . Moreover, four lines in the ruling of S 1,2 satisfy the above genericity conditions and the projection of S 1,2 from a point outside the directrix is an S 1,1 , i.e. a smooth quadric in P 3 , see [Har92, 8.20 ]. Note also, that in case ℓ 5 is a line in the ruling of the scroll, the converse is also true. In fact, lines in the ruling of S 1,2 are in special position with respect to 2-planes, by [Bas12, 3.7] .
Take the projection from a general point P of ℓ 5 to a general hyperplane H not containing P or any of the five lines. By the assumptions we claim now that the images ℓ ′ i of the ℓ i 's, for i = 1, 2, 3, 4, are skew lines in P 3 which are in special position with respect to lines. For the former claim, if two of the lines, say ℓ ′ 1 , ℓ ′ 2 , intersected then P would belong in the secant variety (the span) of ℓ 1 , ℓ 2 . Since P is generic this would imply that ℓ 5 is in the span of ℓ 1 , ℓ 2 which contradicts the assumptions. For the latter claim, see the proof of theorem [Bas12, 3.3] . In Proposition 5.2 (2) we classified such configurations of lines, since as seen in the statement, four lines in P 4 in special position with respect to 2-planes are lines in a hyperplane in special position with respect to lines. Since the ℓ ′ i 's do not intersect, we are in case (c) i.e. they are lines in a ruling R 1 of a smooth quadric surface Q. We denote by m t the lines in the other ruling R 2 , t ∈ P 1 . For each t, we take the 2-plane Π t spanned by m t and the point P . This intersects the lines ℓ 1 , . . . , ℓ 4 in four points and we take a conic curve C t passing through those four points and the point P . Note that by the assumptions, any triple of lines ℓ 1 , . . . , ℓ 5 has at most one secant line, and therefore for the general t, no three of those five points are on a line, which implies that C t does not contain a line. Hence C t is smooth and is the unique conic passing through P and the four points of intersection of ℓ 1 , . . . , ℓ 4 and Π t . Define S to be the closure of the total space of the family of the smooth C t 's. This is an irreducible non degenerate surface that contains the lines ℓ 1 , . . . , ℓ 4 and the point P . We claim that it is of degree three, which will imply that it is the scroll S 1,2 (note that since it contains four skew lines, it cannot be the scroll S 0,3 ).
Indeed, taking a general s ∈ R 2 and noting that ℓ ′ 1 and Π s meet, let H s be the 3-plane they span. For t = s another point in R 2 , the plane Π t intersects H s exactly at the line ℓ P Qt , with Q t the point of intersection of ℓ ′ 1 with m t : indeed this line is certainly contained in the intersection and if it were not the intersection, then Π t would be contained in H s . As the lines m t , m s are skew, they span the hyperplane H which implies that H s would contain the span of H and P which is the whole space, hence a contradiction, proving Π t ∩ H s = ℓ P Qt . Next, by moving t we see that the intersection of the family of Π t 's with H s is the union of the 2-plane Π s and the 2-plane spanned by ℓ ′ 1 and the point P . Note that the total space of the family of Π t 's is a rank four quadric (the quadric cone over Q with vertex P ) and therefore the intersection with a hyperplane is a surface of degree two. So the intersection between the quadric cone and H s coincides with Π s ∪ ℓ ′ 1 , P . But then the intersection of the two planes Π s and ℓ ′ 1 , P with S is the union of the line ℓ 1 and the conic C s , which is overall a curve of degree three. Therefore S has degree three, is irreducible and so as mentioned above is the rational normal scroll S 1,2 which projects from P to the quadric surface Q. Moreover P is not contained in the directrix of S because the projection of S 1,2 from a point of the directrix is the singular quadric S 0,3 , see [Har92, 8.20 ], whereas we already established that Q is smooth. Moreover the line ℓ 5 has to intersect S also at a point of the directrix L of the scroll (e.g. ℓ 5 might be a line in the ruling of S). Indeed, otherwise consider the span of the two skew lines L and ℓ 5 . This is a hyperplane and taking a point P ′ outside this, the 2-plane spanned by P ′ and L intersects ℓ 1 , . . . , ℓ 4 but not ℓ 5 which contradicts their special position.
From now on, in order to simplify our analysis a bit, we will assume in addition that in the set of five lines, no line or group of lines can be distinguished from the rest. More formally, for a set of lines A := {ℓ 1 , . . . , ℓ 5 } define n(ℓ i ) = #{ℓ j : j = i, ℓ i ∩ ℓ j = ∅} m(ℓ i ) = max{k : ℓ i and k other lines in A span a 2-plane}.
We will assume A satisfies the following property (R) We have n(ℓ i ) = n(ℓ j ), m(ℓ i ) = m(ℓ j ) for any i, j ∈ {1, . . . , 5}.
The significance of the above in our situation is that if the lines correspond to the points of a general fibre of a five-to-one irreducible cover of curves (in some parameter space like the Grassmannian), then they satisfy property (R), e.g. by a monodromy argument as outlined in [Bas12, 2.4].
Proposition 5.5. Suppose we have five lines in P 4 in special position with respect to 2-planes which also satisfy property (R). Assume that a pair of them spans a 2-plane. Then all of them are coplanar or all of them pass through the same point.
Proof. In view of assumption (R), let n = n(l i ) and m = m(l i ). Then 1 m n 4 and in addition, n 2 as the number of lines is odd. Notice that if four lines are concurrent then also the fifth must pass through the same point since they are in special position; otherwise considering the 2-plane spanned by the fifth line and the point of intersection of the first four, we see then that any 2-plane in P 4 which intersects this plane in the aforementioned point of intersection contradicts special position. Moreover if m 3 then m = 4 by [Bas12, 3.4] (which in fact holds for any number of lines).
We claim that if n = 4, i.e. if any line meets all the others, then the assertion holds. Suppose indeed that the lines are not concurrent, then it is elementary to see that there exists a point through which exactly two lines pass, say ℓ 1 and ℓ 2 . Since n = 4, ℓ 3 intersects ℓ 1 and ℓ 2 in distinct points, so ℓ 3 lies in the plane ℓ 1 , ℓ 2 and the same happens for ℓ 4 and ℓ 5 . Thus the five lines are coplanar.
The case n = 3 cannot occur, as if any line meets exactly three of the others, then taking the hyperplane spanned by two non intersecting lines and a point P outside this, we see that the 2-plane spanned by the first line and P will not intersect the second line but it will intersect all other lines, contradicting special position.
Thus we may assume n = 2 and we need to only consider the cases m = 1 and m = 2. The case m = 2 does not occur. Indeed, if ℓ 1 , ℓ 2 , ℓ 3 span a plane, then so also do ℓ 4 , ℓ 5 , and the plane ℓ 4 , ℓ 5 must contain another line, say ℓ 1 . Thus ℓ 1 intersects all the other lines violating the condition that n = 2. Finally we aim to rule out the case n = 2 and m = 1, i.e. when any line meets two of the others and no three lines are coplanar. Notice that if three of the lines were concurrent then they would not intersect the remaining lines, which would violate the condition n = 2. Without loss of generality suppose thus that ℓ 1 ∩ ℓ 5 = ∅ and ℓ i ∩ ℓ i+1 = ∅ for any 1 i 4, with P ij := ℓ i ∩ ℓ j with i < j, whereas all other intersections are empty (the above configuration resembles the boundary lines of a pentagon in P 4 ). Notice that the 2-plane ℓ 3 , ℓ 4 intersects ℓ 2 , . . . , ℓ 5 , so from special position there must exist a point Q 1 ∈ ℓ 1 ∩ ℓ 3 , ℓ 4 . Moreover Q 1 must lie on the line P 23 , P 45 by the special position assumption. Analogously there exists a point Q 4 ∈ ℓ 4 ∩ ℓ 1 , ℓ 2 lying on the line P 23 , P 15 . Notice that the points Q 1 , P 23 , Q 4 are not collinear and they all lie on both planes ℓ 1 , ℓ 2 and ℓ 3 , ℓ 4 . Therefore these two planes coincide which contradicts the assumption m = 1.
Proposition 5.6. Suppose we have five lines in special position in P 4 which also satisfy property (R). Suppose that no two of them intersect but some triple of them, say ℓ 1 , ℓ 2 , ℓ 3 , spans a hyperplane H. Then all five lines are contained in H. Let Q ∼ = P 1 ×P 1 be the secant surface of ℓ 1 , ℓ 2 , ℓ 3 in H and let R 1 be the ruling containing ℓ 1 , ℓ 2 , ℓ 3 . We then have one of the following cases:
(1) The five lines are all lines in the ruling R 1 .
(2) The lines ℓ 4 , ℓ 5 are not contained in Q and in this case the five lines possess two or one common secant lines.
Proof. If neither of ℓ 4 , ℓ 5 is contained in H, then from special position both have to intersect H at the same point which contradicts the assumptions. Therefore one of them is contained in H and hence the other too by [Bas12, 3.4] . As a consequence we have five skew lines in H which therefore have to be in special position with respect to lines in H. Note that the only lines that intersect ℓ 1 , ℓ 2 , ℓ 3 are lines in the second ruling R 2 of the quadric Q (see Proposition 5.2). We see now that case (1) above can indeed occur. Suppose now that one of ℓ 4 , ℓ 5 , say ℓ 4 , is not a line in the ruling R 1 . If ℓ 4 is contained in Q then it is a line of the second ruling R 2 which means it intersects ℓ 1 , contradicting the assumptions. Analogously ℓ 5 is also not contained in Q. It follows that ℓ 4 intersects the degree two surface Q, which is the secant variety of ℓ 1 , ℓ 2 , ℓ 3 , at one or at two distinct points and accordingly this implies that there is exactly one or two secants to the lines ℓ 1 , . . . , ℓ 4 -that is, the lines of the ruling R 2 of the quadric going through the above points. From special position these have to intersect ℓ 5 also, and we are thus in case (2).
The above complete the possibilities for five lines in special position in P 4 which satisfy property (R).
The Klein cubic threefold
The vanishing locus X ⊂ P 4 of the smooth cubic equation
x 0 is called the Klein cubic. It has especially nice properties as seen for example in [AR96] , [Rou09b] . To name a few, its Fano surface S is of maximal Picard number ρ = h 1,1 = 25, and its Hessian has beautiful geometry related to the modular curve X 0 (11).
In [AR96, Sections 37-39] the singular locus of the Hessian hypersurface H ⊂ P 4 of the equation F of X is studied, and an explicit resolutionĤ ⊂ P 4 × P 4 of singularities of H is constructed. We will first show that X ∩ H is also resolved by this birational morphism, and that this implies that X ∩ H is not uniruled. First we describe the explicit resolution mentioned above. The Hessian matrix M (F ), of second partial derivatives of F , is given for x = (x 0 , . . . , x 4 ) by
As in [AR96, Section 37], if y = (y 0 , . . . , y 4 ) T then the vanishing of the system of five quadricsĤ
endowed with the first projection π :Ĥ → H gives the required resolution of H.
Lemma 6.1. Let H be the Hessian hypersurface of the Klein cubic threefold X, let B = X ∩ H their intersection and π :Ĥ → H the resolution described above. Then π :B := π −1 (B) → B is a resolution of singularities of B and both are irreducible.
Proof. The equations of the preimage of B under the resolution π :Ĥ → H have Jacobian matrix (up to a constant)   
A computation in Macaulay2 below shows that B is irreducible by checking it is irreducible on the affine open x 0 = 0 and then, since it is a complete intersection and hence equidimensional, that its intersection with the hyperplane x 0 = 0 is one dimensional (which is much faster than checking whether the ideal of B is prime). It also computes that the above matrix is of maximal rank at every point of the preimage of X and henceB is smooth. Since [AR96, Section 38] proves that H is singular along a smooth curve C of degree twenty, one can compute that B is singular precisely at the sixty distinct points of intersection of X with C, showing that π :B → B is birational.
.x_4]; F = x_0^2*x_1 + x_1^2*x_2 + x_2^2*x_3 + x_3^2*x_4 + x_4^2*x_0; partialsF = submatrix(jacobian matrix{{F}}, {0..4},{0}); H=det submatrix(jacobian ideal partialsF, {0..4},{0..4}); B=(ideal F)+(ideal H); isPrime substitute(B, x_0=>1) dim variety (B+(ideal x_0)) P=variety ideal singularLocus B; print degree P; print HH^0(OO_P); R = QQ[x_0..x_4,y_0..y_4]; F = x_0^2*x_1 + x_1^2*x_2 + x_2^2*x_3 + x_3^2*x_4 + x_4^2*x_0; Hhat = ideal {x_1*y_0+x_0*y_1+x_4*y_4, x_0*y_0+x_2*y_1+x_1*y_2, x_1*y_1+x_3*y_2+x_2*y_3, x_2*y_2+x_4*y_3+x_3*y_4, x_4*y_0+x_3*y_3+x_0*y_4}; Bhat = ideal(F)+Hhat; partials = jacobian Bhat; for i from 0 to 4 do (for j from 0 to 4 do ( print dim (Bhat + minors(6, partials) + ideal (x_i-1, y_j-1));)) Proposition 6.2. If X is the Klein cubic threefold and H its Hessian hypersurface, then X ∩ H is not uniruled.
Proof. From the previous lemma, sinceB = π −1 (B) is a section of π * O H (3), we compute by adjunction that KB = KĤ|B +π * O H (3). Now as pointed out in [AR96, p139] , sinceĤ is the smooth intersection of five quadrics in P 4 × P 4 , it is a smooth Calabi-Yau threefold, which implies KĤ is trivial. In particular KB is a big line bundle as it is the pullback of O H (3) under a birational morphism. Hence, since B is birational to a smooth general type surface, it cannot be covered by rational curves.
Corollary 6.3. Let X be a general cubic threefold and H its Hessian hypersurface in P 4 . Then X ∩ H is not uniruled.
Proof. Since from Proposition 6.2 for the Klein cubic this is not the case and we know from [Kol96, IV.1.8] that uniruledness is a closed condition in families, the result follows.
Remark 6.4. Note that if X is the Fermat cubic threefold, then the Hessian is a union of five hyperplanes, so in particular its intersection with X is the union (along Fermat cubic curves) of five smooth Fermat cubic surfaces so all its irreducible components are certainly uniruled.
Proofs of the theorems
The strategy of the proofs is the following. From Remark 4.7 we know that if C/T → S is a covering family of d-gonal curves, then the general fibre of the g 1 d of the general member of this family will lie on a d − 2 plane under the canonical embedding. From Lemmas 4.3, 3.3 we know that the covering gonality is at least three and at most four, in particular we need to only rule out the case of covering gonality three where X ⊂ P 4 is a general cubic threefold. We will moreover carry out analysis in the case of tetragonal and pentagonal covering families, leading to the uniqueness statements of Proposition 1.5. Since from Proposition 5.2 we have a complete classification of the possible configurations of three or four lines which are in special position, we need only prove that the cases in which these configurations occur as the generic fibre of the g 1 d of a general member of C/T , can not occur for a covering family of the Fano surface of a general cubic threefold except for the one family listed in Proposition 1.5. Certain cases can be ruled out automatically, as for example four lines can not be contained in the intersection of a cubic with a 2-plane since a smooth cubic threefold contains no 2-planes, but for more complicated ones we do this by degenerating to the Klein cubic threefold.
7.1. The proof of Theorem 1.4. As indicated in the discussion at the beginning of Section 7, to show that the general cubic threefold has Fano surface with covering gonality at least four we need to exclude configuration (1) of Proposition 5.2. From Lemma 7.1, if (1) does occur for the general fibre of the g 1 3 of the general member C t of a covering family C/T → S, then the intersection H ∩ X has to be uniruled. From Corollary 6.3 we thus obtain that cov. gon(S) 4 for the general X and the theorem is proven.
Lemma 7.1. Let S be the Fano surface of a smooth cubic threefold X and H the Hessian of X. Assume that C/T → S is a covering family of trigonal curves. Then the intersection of X with its Hessian hypersurface is a uniruled (possibly singular) surface.
Proof. We know from Proposition 5.2, Remark 4.7 and the fact that there can only be finitely many Eckardt points (and hence at worst a divisor in S parametrising lines through Eckardt points) that the general fibre of the g 1 3 of the general member C t will consist of three distinct points [ℓ 1 ], [ℓ 2 ], [ℓ 3 ] ∈ S so that the ℓ i are coplanar and pass through the same point. From the second part of Lemma 3.1, this point of intersection is contained in the intersection X ∩ H with the Hessian hypersurface of X. This way we obtain a map P 1 X ∩ H which extends to a morphism, where a general point y ∈ P 1 is sent to the unique intersection point x ∈ X of the lines ℓ 1 , ℓ 2 , ℓ 3 parametrised by the fibre over y of the trigonal map. Varying the point t ∈ T , by construction we necessarily obtain a one dimensional family of rational curves in X ∩ H since there are only finitely many points in X with infinitely many lines through them (Eckardt points). This gives the result.
Remark 7.2. Alternatively, one could conclude from the above argument that the Fano surface of the Klein cubic does not have covering gonality three, and then degenerate covering gonality instead of uniruledness from Proposition 2.2 to obtain the result for the general X.
7.2. The proof of Proposition 1.5. To exclude covering gonality four for families other than the second type incidence divisors, we work through the various configurations of Proposition 5.2. Configurations (a), (b) of the second part of Proposition 5.2 can be excluded from the fact that the lines are contained on a smooth cubic threefold. On the other hand we will prove that the only covering family for which configuration (e) occurs is the family of incidence divisors of second type lines of Lemma 3.3. Excluding (c), (d) relies on geometric properties of the general X and the fact that such configurations of points would have to appear as a general fibres of the g 1 4 of the general member of a tetragonal covering family. Indeed if one of configurations (a), (b) holds for four points in S, then since every 2-plane in P 4 meeting X in four lines has to be contained in X, we obtain a contradiction to the Fano surface being irreducible (or see [Mur72, 1.17 
]).
If configuration (c) holds, then as mentioned in Proposition 5.2, the four lines lie in the same ruling of a smooth quadric Q ∼ = P 1 × P 1 . Any line in the other ruling of the quadric will thus meet all four lines and so meets the cubic X in at least four points, which implies it must be contained in X. This implies the whole quadric is contained in X. Therefore the hyperplane containing the four lines intersects X in this quadric and a residual 2-plane which as in the cases above is a contradiction.
We will next prove that configuration (d) of Proposition 5.2 does not happen for the general fibre of the g 1 4 of the general member C t of C/T → S a covering family of tetragonal curves for a general cubic threefold X. To this aim, assume [ℓ 1 ], . . . , [ℓ 4 ] ∈ S a general fibre of the g 1 4 of C t so that the ℓ i are in configuration (d). Denote by Π = ℓ 1 , ℓ 2 , Π ′ = ℓ 3 , ℓ 4 respectively where Π ∩ Π ′ = P P ′ . Note that since t is general, we may assume that P, P ′ are not Eckardt points, of which there are only finitely many. Since Π contains two lines in X meeting at P we have that Π ⊂ T P X (similarly Π ′ ⊂ T P ′ X). But then the line P P ′ is contained in X: indeed, P P ′ ⊂ T P X ∩ T P ′ X and so P P ′ meets X with multiplicity at least two at each point and therefore ℓ 5 := P P ′ ⊂ X (see Figure 1 ). Note that Lemma 3.1 implies that P, P ′ lie on the Hessian of X. We thus obtain a map P 1 S, by sending a point on P 1 (the base of the g of C t , which extends to a morphism. Since S does not contain any rational curves from Fact 3.6, this morphism is constant. Therefore to the general member C t we associate a fixed line ℓ 5,t . Since there are at most six lines through all but finitely many points of X (by Lemma 3.1) as we vary along the fibres of the g 1 4 on C t , the corresponding points P, P ′ vary continuously and thus they cover the line ℓ 5,t . This implies that the line ℓ 5,t is contained in the intersection X ∩ H with the Hessian of X. Note also that the image of C t is a component of the incidence divisor D ℓ5,t . As we vary t ∈ T the induced lines ℓ 5,t vary continuously, otherwise the image of C in S would be contained in a divisor. In particular H ∩ X is uniruled (by lines), which does not happen for the general X from Corollary 6.3.
Finally, to show that configuration (e) only occurs for the family of incidence divisors of second type lines for any smooth cubic threefold X one proceeds as follows. Assume we have a covering family of tetragonal curves. To spell out the assumption, we know that the general fibre of the g 1 4 of the general member C t will consist of four points [ℓ 1 ], . . . , [ℓ 4 ] ∈ S so that the ℓ i pass through the same point and no three of which are coplanar. For a fixed t ∈ T , like with three lines through a point in Lemma 7.1, we obtain a morphism f t : P 1 → X, with image R = R t , from the base of the g 1 4 , so that through a general point in the image, four of the lines correspond to the points in the fibres of the g 1 4 . Since by Lemma 3.1, there are six lines through all but finitely many points in X, we obtain a residual two L r , M r through every point r ∈ R.
If one of the two, say L r , is constant as we vary r, then we can define a map R S sending r to [M r ], but this necessarily has constant image by Fact 3.6 so M r is also constant. If L r and M r are both constant as we vary r, they have to both coincide with R as they each intersect R at every point and R is irreducible. Hence L := M r = L r is of second type from Fact 3.2, and the covering family is by construction the family of Lemma 3.3.
We may now assume that L r and M r both move. This traces out a curve H t ⊂ S defined as follows: take the curve H t in S × S consisting of the pairs of
, r ∈ R. If p : S × S → S is the first projection then define H t to be the (reduced) image of this map. We next show that H t is irreducible. Indeed, otherwise it would consist of two rational components (since it is hyperelliptic) both of which get contracted to fixed points in S (from Fact 3.6) which is a contradiction to the assumption that the two lines move. Thus we may assume that H t is irreducible and let h : H t → R t be the natural hyperelliptic map. Then H t is hyperelliptic too as the image under a finite map of a hyperelliptic curve. The induced hyperelliptic map h : H t → P 1 commutes with h, i.e. there is a finite map φ :
We actually claim that the degree of the map p : Now we let t ∈ T vary and we may assume (after a finite base change) from Lemma 2.1 that we have a family H → T of smooth hyperelliptic curves so that H t has image H t in S. From Lemma 4.3 since S is not covered by hyperelliptic curves, the image of H → S is one dimensional. Hence there has to be an open subset U ⊂ T so that every fibre of H| U → U dominates a fixed irreducible component H of the above image, which necessarily has to be hyperelliptic as the image of hyperelliptic curves. In fact one sees that H admits infinitely many g 1 2 : this follows since the data of R t along with two lines through a point r ∈ R t is equivalent to that of a g 1 2 on H, and since R t moves in a family in X, we obtain different pairs of lines. Now since H has infinitely many g 1 2 , so does its resolution which implies that H has geometric genus one or zero. As we have seen before, the latter cannot happen as S does not contain any rational curves from Fact 3.6. On the other hand if E → S the induced morphism from an elliptic curve resolving H, it has to be an embedding from Lemma 3.8 and so E = H is contained smoothly in S. From Fact 3.7 this does not happen for the general cubic threefold.
Moving on to pentagonal covering families, note first of all that the family of incidence divisors to lines of first type does indeed have a natural g 1 5 from Lemma 3.3. To prove now that this family of curves is unique, we work as above through the various cases of Propositions 5.3, 5.5, 5.6, showing in each of them that if there exists a pentagonal covering family with such a configuration, then the curves themselves must be incidence divisors D ℓ with a possibly different g 1 5 than the natural one above.
Assume that the general fibre of the general member of a pentagonal covering family of curves corresponds to five lines in the configuration of Proposition 5.3. Suppose that the fibres of the general member C are parametrized by t in the base P 1 of the g 1 5 . Then from Proposition 5.3, to the generic t there corresponds a unique 5-secant line ℓ t , which has to be contained in the cubic threefold since it intersects it at five points. In particular we get an induced morphism P 1 → S sending t to ℓ t which as before must be constant from Fact 3.6. Therefore, the ℓ t 's are all equal to a constant line ℓ and by construction the corresponding divisor which is the image of C in the Fano surface is the incidence divisor D ℓ . Note that from Fact 3.2, since the five lines are distinct generically, ℓ is necessarily of first type.
Assume next that the general fibre is in one of the configurations of Proposition 5.5. The case of five coplanar lines cannot occur -this can be ruled out like in cases (a), (b) of Proposition 5.2 above. Suppose now the five lines corresponding to the general fibre of the g 1 5 of the general member C of the covering family pass through a point A. Then as before, we would obtain a morphism from the base P 1 → S sending t to the sixth line passing through A, which would necessarily be constant from Fact 3.6. In other words the sixth line of X passing through A has to be the same line ℓ for all the fibres of the g 1 5 and the curve C therefore maps to the divisor D ℓ in S.
Finally assume that we are in one of the configurations of Proposition 5.6. For case (1), we argue as we did above for case (c) of Proposition 5.2, namely by observing that necessarily Q ⊂ X which leads to a contradiction. For case (2), observe first that the secants are contained in the cubic threefold X. If the five lines admit a unique secant line, we can define a map P 1 → S and conclude as usual. Otherwise if the five lines admit exactly two secant lines then we can construct a hyperelliptic curve in the Fano surface in a similar way as above where we ruled out case (e) of Proposition 5.2. Again this will have infinitely many g 1 2 's since two lines have finitely many secants contained in X, corresponding to the intersection of their incidence divisors, so the two secants must move as we vary along the base of the covering family of curves. We conclude by noting that there are no elliptic curves in the Fano surface of a general cubic threefold.
7.3. The proof of Theorem 1.7. If X a smooth cubic threefold and S its Fano surface, then a general hyperplane H = P 3 cuts X in a smooth cubic surface Y . There is a natural map S Y taking an s ∈ S and giving the point of intersection of the line ℓ s with the hyperplane H. This is generically of degree six since for a general point of Y ⊂ X there are six lines through it which are contained in X from Lemma 3.1. On the other hand, the cubic surface Y ⊂ P 3 is rational. In particular the composition S Y → P 2 has degree six and so irr(S) 6. Now, assume that conn. gon(S) = 4. Then there has to be an at least one dimensional family of tetragonal curves through the general point of S (i.e. a twodimensional variety T and a tetragonal family of curves C → T making the induced double evaluation morphism C× T C → S×S dominant). This however is not possible for X general since the unique tetragonal covering family of incidence divisors of second type lines moves in a one dimensional family from Proposition 1.5. Since conn. gon(S) irr(S) we obtain conn. gon(S) = 5 irr(S) 6.
Finally, if irr(S) = 5 then there exists a dominant rational map F : S P 2 which is generically finite of degree five. Then through a general point x ∈ S there passes a 4-dimensional family of curves of gonality less than or equal to five -indeed, through the point F (x) there passes a 4-dimensional family of conics and the preimage of this gives the desired family. On the other hand Proposition 1.5 proves that the only 5-gonal covering family of curves is that of incidence divisors to lines, and the base of this family is only two dimensional, a contradiction.
